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Trigonometry – Chapter 5 Review 

 

 

sec 𝑥 − 
ଵ

ୱୣୡ
 = ଵ

ୡ୭ୱ ௫
 − cos 𝑥  

=
ଵ

ୡ୭ୱ ௫
 − cos 𝑥 ∙  

𝐜𝐨𝐬 𝒙

𝐜𝐨𝐬 𝒙
   =   

ଵ

ୡ୭
−

ୡ୭ୱమ ௫

ୡ୭ୱ ௫
  

=
ଵିୡ మ ௫

ୡ୭ୱ ௫
   =   

ୱ୧୬మ ௫

ୡ୭ୱ ௫
   =   sin 𝑥 ∙  

ୱ୧୬ ௫

ୡ୭ୱ ௫
 

= 𝐬𝐢𝐧 𝒙 ∙ 𝐭𝐚𝐧 𝒙            𝐀𝐧𝐬𝐰𝐞𝐫 𝐃 

 

 

tan  (𝛼 − 𝛽) =  
୲ୟ୬  ି ୲ୟ୬ ఉ

ଵ ା ୲ୟ୬ ఈ ୲ୟ୬ ఉ
 

tan  (𝜋 − 𝜃)   =    
୲ୟ୬ గ ି ୲ୟ୬ ఏ

ଵ ା ୲ୟ୬ గ ୲ୟ୬ ఏ
  =   

଴ ି ୲ୟ୬ ఏ

ଵ ା ଴ ∙ ( ୲ୟ୬ ఏ)
   =  − 𝐭𝐚𝐧 𝜽 

𝐀𝐧𝐬𝐰𝐞𝐫 𝐀 

 

 

cos ቀ
ఏ

ଶ
ቁ =  ±ට 

ଵ ା ୡ୭ୱ ఏ

ଶ
          Note that  

ହగ

ଵଶ
  is in Quadrant 1, so:  cos 

5𝜋

12
> 0 

cos 
5𝜋

12
=  

ඨ
 
1 +  cos

5𝜋
6

2
=  

ඩ
 
1 +

−√3
2

2
=  

ඩ
 

2 − √3
2
2

=  ඨ 
2 − √3

4
=  

ඥ𝟐 − √𝟑

𝟐
 

Note:  
ඥ𝟐ି√𝟑

𝟐
=

ටర ష మ√య

మ

ଶ
=

ඥଷ ି ଶ√ଷ ା ଵ

ଶ√ଶ
=

ට൫√ଷିଵ൯
మ

ଶ√ଶ
=

√ଷିଵ

ଶ√ଶ
∙

√ଶ

√ଶ
=

√𝟔 ି √𝟐

𝟒
, which is also correct. 
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tan  (𝛼 + 𝛽) = 
୲ୟ୬ ఈ ା ୲ୟ୬ ఉ

ଵ ି ୲ୟ୬ ఈ  ୲ୟ୬ ఉ
 

୲ୟ୬ ସ଴° ା ୲ୟ୬ ଵଵ଴°

ଵ ି ୲ୟ୬ ସ଴°  ୲ୟ୬ ଵଵ଴°
 = tan  (40° + 110°) = tan 150° = −

√𝟑

𝟑
 

 

 

2 sinଶ 𝑥 = sin 𝑥 

2 sinଶ 𝑥 − sin 𝑥 = 0 

sin 𝑥 (2 sin 𝑥 − 1) = 0 

 

sin 𝑥 = 0         or (2 sin 𝑥 − 1) = 0 

𝑥 = 0, π  sin 𝑥 =
ଵ

ଶ
    

    𝑥 =
గ

଺
,

ହగ

଺
 

𝒙 = 𝟎,
𝝅

𝟔
,
𝟓𝛑

𝟔
, 𝝅  

 

 

sin 2𝜃 = 2 ∙ sin 𝜃 ∙ cos 𝜃 

sin 2𝜃 = 2 ∙
−20

 29
∙

21

 29
 

=
−𝟖𝟒𝟎

𝟖𝟒𝟏
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tan 2𝜃 =  
2 tan 𝜃

1 − tanଶ 𝜃
=

2 ∙ ቀ−
24
7

ቁ

1 − ቀ−
24
7

ቁ
ଶ =

−
48
7

−527
49

=
𝟑𝟑𝟔

𝟓𝟐𝟕
 

 

 

 

 

sec 𝜃 = 4 

cos 𝜃 = 
ଵ

ୱୣୡ
=

ଵ

ସ
 

Note that 𝜃 is in Quadrant 1, so  
ఏ

ଶ
 is in Quadrant 1. 

cos 
𝜃

2
=  ±ඨ 

1 +  cos 𝜃

2
 

cos 
𝜃

2
=  

ඨ
 
1 +

1
4

2
  =   

ඨ
 

5
4
2

  = ඨ
5

8
 ∙ ඨ

2

2
  = ඨ

10

16
 =  

√𝟏𝟎

𝟒
 

 

 

cscଶ 𝑢 − cos 𝑢 sec 𝑢           = cotଶ 𝑢 

1

sinଶ 𝑢
− cos 𝑢 ∙

1

cos 𝑢
 

1

sinଶ 𝑢
− 1 

1

sinଶ 𝑢
−

sinଶ 𝑢

sinଶ 𝑢
 

cosଶ 𝑢

sinଶ 𝑢
 

𝐜𝐨𝐭𝟐 𝒖                                    = 𝐜𝐨𝐭𝟐 𝒖 
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sin(𝛼 − 𝛽) cos(𝛼 + 𝛽)                      = sin 𝛼 cos 𝛼 − sin 𝛽 cos 𝛽 

(sin 𝛼 cos 𝛽 − cos 𝛼 sin 𝛽) (cos 𝛼 cos 𝛽 −  sin 𝛼 sin 𝛽) 

sin 𝛼 cos 𝛽 cos 𝛼 cos 𝛽  −  sin 𝛼 cos 𝛽  sin 𝛼 sin 𝛽   −  cos 𝛼 sin 𝛽 cos 𝛼 cos 𝛽

+ cos 𝛼 sin 𝛽  sin 𝛼 sin 𝛽 

sin 𝛼 cos 𝛼 cosଶ 𝛽   −   sinଶ 𝛼 sin 𝛽 cos 𝛽   −  cosଶ 𝛼 sin 𝛽 cos 𝛽   +   sin 𝛼 cos 𝛼 sinଶ 𝛽 

(sin 𝛼 cos 𝛼 cosଶ 𝛽 + sin 𝛼 cos 𝛼 sinଶ 𝛽)   −   (sinଶ 𝛼 sin 𝛽 cos 𝛽 + cosଶ 𝛼 sin 𝛽 cos 𝛽) 

sin 𝛼 cos 𝛼 (cosଶ 𝛽 + sinଶ 𝛽)  −   (sinଶ 𝛼 + cosଶ 𝛼) sin 𝛽 cos 𝛽 

sin 𝛼 cos 𝛼 (1)   −   (1) sin 𝛽 cos 𝛽 

𝐬𝐢𝐧 𝜶 𝐜𝐨𝐬 𝜶 − 𝐬𝐢𝐧 𝜷 𝐜𝐨𝐬 𝜷               = 𝐬𝐢𝐧 𝜶 𝐜𝐨𝐬 𝜶 − 𝐬𝐢𝐧 𝜷 𝐜𝐨𝐬 𝜷 

 

 

 

tan 𝜃 ∙  csc 𝜃       = sec 𝜃 

sin 𝜃

cos 𝜃
∙

1

sin 𝜃
 

1

cos 𝜃
 

𝐬𝐞𝐜 𝜽                   = 𝐬𝐞𝐜 𝜽 

 

 

 

Note that  4𝜃 = 2(2𝜃) 

Use the formula:  cos  2𝛼 = 2 cosଶ 𝛼 − 1.  Let  𝛼 = 2𝜃.  Then, 

cos 4𝜃                        = 2 cosଶ(2𝜃) − 1 

𝟐 𝐜𝐨𝐬𝟐(𝟐𝜽) − 𝟏      = 𝟐 𝐜𝐨𝐬𝟐(𝟐𝜽) − 𝟏 
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Use the formula:  sin(𝛼 − 𝛽) = sin 𝛼 cos 𝛽 − cos 𝛼 sin 𝛽 

sin  ൬
3𝜋

2
− 𝜃൰                                       = − cos 𝜃 

sin ൬
3𝜋

2
൰ cos 𝜃 − cos ൬

3𝜋

2
൰ sin 𝜃 

(−1) cos 𝜃 − (0) sin 𝜃 

− 𝐜𝐨𝐬 𝜽                                                = − 𝐜𝐨𝐬 𝜽 

 

 

 

 

 

 

 

 

 

  

Verification: 

1 + cos 𝑥

sin 𝑥
+

sin 𝑥

1 + cos 𝑥
                      = 𝟐 𝐜𝐬𝐜 𝒙 

1 + cos 𝑥

1 + cos 𝑥
 ∙  

1 + cos 𝑥

sin 𝑥
 + 

sin 𝑥

1 + cos 𝑥
 ∙  

sin 𝑥

sin 𝑥
 

(1 + cos 𝑥)ଶ         +         sinଶ 𝑥

(1 + cos 𝑥) sin 𝑥
 

1 + 2 cos 𝑥 + cosଶ 𝑥 + sinଶ 𝑥

(1 + cos 𝑥) sin 𝑥
 

2 + 2 cos 𝑥

(1 + cos 𝑥) sin 𝑥
 

2 (1 + cos 𝑥)

(1 + cos 𝑥) sin 𝑥
 

2

sin 𝑥
 

𝟐 𝐜𝐬𝐜 𝒙                                               = 𝟐 𝐜𝐬𝐜 𝒙 

Let’s take a look at the graph.  The “loopy-
ness” of the graph indicates it is either the 
secant or cosecant function.  Since the 
vertical asymptotes are at integral multiples 
of 𝜋 (e.g., −𝜋, 0, 𝜋, … ), this indicates the 
graph relates to the sine function.  The 
cosecant function is the inverse of the sine 
function, so let’s work with that. 

Next, the graph’s relative minima are at  
𝑦 = 2  and relative maxima are at  𝑦 = −2, 
indicating an amplitude of 2.  So, we would 
expect this graph to be:   𝑦 = 2 csc 𝑥. 

6 
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tan ൬
𝜃

2
൰ =

1 −  cos 𝜃

sin 𝜃
 

tan(105°) =
1 −  cos 210°

sin 210°
=

1 − ቆ−
√3
2

ቇ

−
1
2

=

2 + √3
2

−
1
2

=  −𝟐 − √𝟑 

 

 

sin 2𝜃 =  2 sin 𝜃 cos 𝜃 = 2 ∙
12

13
∙

5

13
=

𝟏𝟐𝟎

𝟏𝟔𝟗
 

 

 

cos 𝑥 = 0  at  ቄ𝑥 = ⋯ , −
గ

ଶ
,

గ

ଶ
,

ଷగ

ଶ
, … ቅ 

We summarize this by saying:   𝒙 =
𝝅

𝟐
+ 𝒏𝝅           Note: 𝑛 is any integer 

Alternatively:  𝒙 =
𝝅

𝟐
+ 𝟐𝒏𝝅,

𝟑𝝅

𝟐
+ 𝟐𝒏𝝅 

 

 

cotଶ 𝑥 cos 𝑥 = cotଶ 𝑥    

cotଶ 𝑥 cos 𝑥 − cotଶ 𝑥 = 0   

cotଶ 𝑥 (cos 𝑥 − 1) = 0 

cot 𝑥 = 0  or  cos 𝑥 = 1 

𝑥 = ቄ
గ

ଶ
,

ଷగ

ଶ
ቅ    𝑥 = 0 (but see below) 

𝑥 ≠ {0, 𝜋}   because  cot 𝑥  does not exist where  sin 𝑥 = 0 

Collecting the various solutions,  𝒙 = ቄ
𝝅

𝟐
,

𝟑𝝅

𝟐
ቅ  

Note that when the function 
is set equal to zero, it is not 
enough to identify where 
each factor of the function is 
equal to zero.  You must also 
identify where each factor 
does not exist and exclude 
those values from the final 
solution. 
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This boils down to:  3𝑥 = {0, 𝜋, 2𝜋, 3𝜋, 4𝜋, 5𝜋 } 

Divide this by 3 to get:  𝒙 = ቄ𝟎,
𝝅

𝟑
,

𝟐𝝅

𝟑
, 𝝅,

𝟒𝝅

𝟑
,

𝟓𝝅

𝟑
ቅ  

Note that there are 6 solutions because the usual number of solutions (i.e., 2) is multiplied by 
the coefficient of the variable, i.e., 𝑘 = 3. 

 

 

Use the identities: 

sin(𝛼 + 𝛽) = sin 𝛼 cos 𝛽 + sin 𝛽 cos 𝛼 

sin(𝛼 − 𝛽) = sin 𝛼 cos 𝛽 − sin 𝛽 cos 𝛼 

sin ቀ𝑥 +
𝜋

6
ቁ − sin ቀ𝑥 −

𝜋

6
ቁ = 1 

ቀsin 𝑥 cos ቀ
𝜋

6
ቁ + sin ቀ

𝜋

6
ቁ cos 𝑥ቁ − ቀsin 𝑥 cos ቀ

𝜋

6
ቁ − sin ቀ

𝜋

6
ቁ cos 𝑥ቁ = 1 

2 sin ቀ
𝜋

6
ቁ cos 𝑥 = 1 

2 ∙
1

2
∙ cos 𝑥 = 1 

cos 𝑥 = 1 

𝒙 = 𝟎 

 

 

This boils down to:  2𝑥 = ቄ
గ

ସ
,

଻గ

ସ
,

ଽగ

ସ
,

ଵହ

ସ
ቅ 

Divide this by 2 to get:  𝒙 = ቄ
𝝅

𝟖
,

𝟕𝝅

𝟖
,

𝟗𝝅

𝟖
,

𝟏𝟓𝝅

𝟖
ቅ 

Note that there are 4 solutions because the usual number of solutions (i.e., 2) is multiplied by 
the coefficient of the variable, i.e., 𝑘 = 2. 
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cos 𝑥  (1 + 2 sin 𝑥) = 0 

cos 𝑥 = 0         or (1 + 2 sin 𝑥) = 0 

𝑥 =
஠

ଶ
,

ଷ஠

ଶ
  sin 𝑥 = −

ଵ

ଶ
 

    𝑥 =
଻గ

଺
,

ଵଵ

଺
 

𝒙 =
𝛑

𝟐
,
𝟕𝝅

𝟔
,
𝟑𝛑

𝟐
,
𝟏𝟏𝝅

𝟔
 

 

 

Note:  The following problem 23 is omitted in 2026.  You may skip it if you wish. 

 

sin ቀ
𝛼

2
ቁ =

1

𝑚
 

𝑚 =
1

sin ቀ
𝛼
2

ቁ
 

𝑚 =
1

sin ቀ
90°

2
ቁ

 

𝑚 =
1

sin(45°)
 

𝑚 =
1

√2 2⁄
 

𝒎 = √𝟐 
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tan  2𝜃 =  
2 tan 𝜃

1 − tanଶ 𝜃
 =  

2 ∙ ቀ
24
7

ቁ

1 − ቀ
24
7

ቁ
ଶ  =  

48
7

−527
49

 =  −
𝟑𝟑𝟔

𝟓𝟐𝟕
 

 

 

 

This function looks like  𝑦 = cos 𝑥,  so let’s try to show: 

(sec 𝑥 + tan 𝑥)(sec 𝑥 − tan 𝑥)

sec 𝑥
                =  𝐜𝐨𝐬 𝒙 

secଶ 𝑥 − tanଶ 𝑥

sec 𝑥
 

(1 + tanଶ 𝑥) − tanଶ 𝑥

sec 𝑥
 

1

sec 𝑥
 

𝐜𝐨𝐬 𝒙                                                              = 𝐜𝐨𝐬 𝒙 
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cos 𝑥 tan 𝑥 − 2 tan 𝑥 + 5 cos 𝑥 − 10

tan 𝑥 + 5
=

tan 𝑥 (cos 𝑥 − 2) + 5(cos 𝑥 − 2)

tan 𝑥 + 5
 

=
(tan 𝑥 + 5) (cos 𝑥 − 2)

tan 𝑥 + 5
 

= cos 𝑥 − 2 

𝐀𝐧𝐬𝐰𝐞𝐫 𝐁 

 

Note: The graph of this function should have holes in all locations where  tan 𝑥 = −5  
(approximately  −1.3734 + 𝑛𝜋 radians),  since at these points the denominator of the 
expression would be zero.  I don’t see any holes in the graph, but maybe they are too small for 

me to see.   
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